Understanding scheduling behavior of households has been the focus of research for nearly half a century. Presumably activity engagement is being impacted by the importance of the activity to household members as well as time and cost constraints. Depending on the level of time budget, household members would eliminates some activities from the agenda or replace them with higher priority ones. In this paper, in order to capture the importance of different activities, we propose a methodology to schedule household activities under different levels of uncertainty about the importance of the activity. In this approach we combine discrete choice models and concepts of Fuzzy logic to identify core versus non-core activities in the agenda. The possibility of inclusion of an activity is the agenda is computed by estimating the expected importance of the activity and mapping to a set of fuzzy graphs. Activity scheduling and selection is then modeled as the outcome of a mixed integer optimization problem, in which the objective function is maximizing the expected desirability gained from activities and total saved time, subject to network connectivity, time windows, time budget and cost budget constraints.
http://www.ispacs.com/journals/jfsva/2016/jfsva-00238/ International Scientific Publications and Consulting Services As Figure 1 : illustrates, the observed activity pattern is an outcome of a very complicated procedure, some parts of which are generally unobservable to the researcher/modeler. It is likely that even the individuals/actors may have a vague perception about key features of their activity executions. These include such questions as which activities are required versus which are only desired by the household? How are activities distributed among household members? What is the scheduling process? What constraints might affect the activity scheduling? In case of changes in plan, how do household members reschedule their activities? How is the planned day's activity schedule influenced by previous day's plan? These and many other questions are the unobserved part of decision process that results in specific pattern observed on any particular day. In this paper, we apply concepts of fuzzy logic to treat part of the aforementioned uncertainties in activity-based modeling. Specifically, by integrating concepts of fuzzy logic with discrete choice methods in the HAPP framework we extend the methodology to handle some of these underlying uncertainties in activity agenda formation. Although not commonly used in the modeling of travel demand, there have been several studies that have applied fuzzy logic to vehicle routing problems-a class of problems to which the HAPP model is closely related [24] [25] [26] . The paper is outlined as follows. In Section 2, we present the methodology to incorporate uncertain agendas in the HAPP formulation. Section 3 presents an integer programming model which is formulated in the HAPP framework and incorporates fuzzy uncertainties. Applications to a hypothetical household, and to 15 individuals drawn from Orange-County and San-Diego County data, are provided in Section 4, and Section 5 concludes the paper with a discussion of what are deemed to be the important aspects of the research.
Uncertain activity selection formulation
A key confounding problem in activity-based model formulation is providing understanding of the underlying principles by which individuals organize their travel patterns to participate in activities on any particular day. For some people, on a specific day, some activities may be perceived to be compulsory (and, correspondingly, they have a higher desirability to the members); for others, the same certainty about its activity agenda at different stages of the day. The effects of these uncertainties are largely undetected by the diary information that typically is used to drive activity-based travel models. Although an individual might want to execute a specific discretionary activity on a particular day, for any number of reasons that activity may never be realized, although the intention to complete that activity may have a profound impact on the activity pattern realized on that day. Here we propose to model the uncertainties in activity agenda formulation based on fuzzy concepts. We consider a population of households/individuals that belong to a segment that is presumed to be relatively homogeneous with respect to the set and order of activities in which they engage on a fairly routine basis. By doing this, we will be able to designate a precise range for activity time windows for each segment. Although the frequencies with which these households/individuals perform a relatively common set of activities may have a high degree of similarity, on any given day their respective intended activity agendas may be quite dissimilar owing to temporal (daily, weekly, etc.) displacements of the patterns-household #1's Monday routine may look like household #2's Wednesday routine. Although some activities may be "compulsory" on every day (e.g., work or school), still others may be treated as "compulsory" on days on which the need to fulfill the activity reaches a critical threshold (e.g., the last diaper has been used). Even with full diary information, forecasting just what might be on any given household's travel/activity agenda on any given day is wreathed with uncertainty. And, retrospective data on a household's travel/activity pattern can reveal only what they were able to accomplish on the day of the diary, and not what they may have intended to accomplish that day. As noted above, depending on the household's daily needs and other circumstances, activities routinely engaged in by the household may be perceived to have different levels of desirability that lead to corresponding degrees of membership in the set of activities that comprise the household's agenda on any given day. This characteristic cannot be modeled with deterministic, or crisp parameters. Alternatively, fuzzy concepts can be used to explicitly recognize that the degree of membership of an activity in the set of activities completed (or scheduled for completion) on any given day is uncertain. In application of fuzzy concepts to activity agenda formulation, we consider two distinct, albeit related, sources of uncertainty-one associated with the modeler, the other with the household. First, if we select a household randomly from the sample, we do not know precisely how important it is for any particular activity to be included in that day's agenda. Second, the household itself may not have a precise estimation of the degree of desirability of any particular activity on any particular day. With regard to the latter uncertainty, Figure 2 depicts a representation of a household's fuzzy categorization of its perception of desirability (on a scale of 0 to 10) of an activity; here p  represents the "crispness" of the assessment that the specific activity is perceived to fall within the i-th categorization of desirability value. Implicit in the representation shown in Figure 2 is the premise that based on their perceptions of the desirability of activities, households construct a discrete, albeit fuzzy, ranking of activities for possible inclusion in their activity pattern for the day. Depending on the nature of the activity and the level of information available, the "possibility" for inclusion may either be precise (e.g., typically in the case of, say, the work activity) or somewhat ambiguous (e.g., say, stopping off to pick up a loaf of bread on the way home from the work activity)-herein we propose modeling such uncertainty using concepts derived from fuzzy set theory. Figure 3 presents the conceptual methodology that we are introducing in this paper. The examples provided in Section 4 of the paper follow the framework presented in 0Figure 3.
Household/Individual segmentation (Step 1)
In the analysis that follows, we first segment households (or individuals) that are used for model development and estimation into groups that are relatively homogeneous with respect to their revealed activity patterns. We use the [27] alignment technique to measure distance between activity patterns as a means to compute steps needed to align two sequences, assigning equal weights to replacement, insertion, and deletion operations. Aspects of the activity patterns in the alignment are: the number of activities, type of activity, and the activity sequence. Using a two-stage clustering algorithm that is a combination of affinity propagation [28] and k-means clustering, the procedure separates the set of households (or individuals) used for estimation into c C groups according to the distinguishing characteristics of their daily activity patterns (Figure 4 ) on the particular day of the attendant survey [29] . 
C
Step 1: Cluster households/individuals based on their activity patterns
Step 3: Fit a multivariate probit model for households/individuals in each cluster and estimate the expected value of participation in each activity type
Step 4: Map the probability of participation in each activity type to fuzzy desirability graphs
Step 5: Generate a spectrum of optimum patterns by solving a mixed integer program with fuzzy parameters http://www.ispacs.com/journals/jfsva/2016/jfsva-00238/
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In the procedure of fitting the model, each household is uniquely assigned to one, and only one of the clusters. However, it is argued, as above, that any particular household, based on its socio-demographic characteristics, might be prone to exhibit one of the other "representative" patterns had the survey data been drawn from another day. Further, we hypothesize that, over repeated days, the patterns exhibited by a household would be strongly influenced by its particular socio-demographic characteristics, e.g., household size, number of workers, income, etc. Using statistical models, we can calculate the probabilities h c p that any particular household h is inclined to exhibit a pattern consistent with those in cluster c C .
Bayesian estimation of Multivariate Probit Model of activity engagement (Step 2)
Similar to the selection of number of activities, the selection of the various bundles of activities comprising any particular cluster, in general, can be an interdependent process in which the inclusion of certain activities is influenced by the inclusion/exclusion of other activities.
To address these potential interdependencies, in each cluster we use a multivariate probit model (MVP) to estimate the expected value of activity engagement of households in the different activity purposes; the estimation is based on Parameter Expansion and Reparameterization techniques [30] . Modeling details and its application to estimate activity patterns of residents in San-Diego and Orange County are presented in [31] .
Here, we present a summary of the process. In these equations, x represents socio-demographic characteristics,  represents the modeling parameters and y is the indicator for activity participation. 
Map the probability of participation in each activity type to fuzzy desirability graphs (Step 3)
Based on its socio-demographic characteristics, the probability h c p that a given household h can be classified as belonging to the set that exhibits an activity pattern consistent with those classified in cluster c  C can be established by soft clustering algorithm (in which the alternatives are the various clusters). Computing the expected value of participation in different activities by MVP and mapping them to the fuzzy desirability graphs as in Figure 2 , a range of desirability for inclusion of each activity type in the agenda is estimated. We first calculate the marginal probabilities of household h (not part of calibration sample) participating in activity type 
We then define a normalized function of the probability of activity type j being included in household h's (not part of calibration sample) set of activities to be completed as  m 
Fuzzy activity pattern forecast (Step 5)
Assuming household members as rational decision makers, the household activity pattern problem can be written as an optimization problem in which some of the coefficients of the objective function, which are desirability levels, are fuzzy numbers. Two solution techniques for linear problems with fuzzy coefficients are described in the following sections: maximizing minimum membership [32] , and interval linear programming [12] . For the sake of completeness we briefly describe these methods below. [32] and [12] , presented a maximizing minimum membership method for solving optimization problems with fuzzy coefficients in the objective function. 
Solution to Fuzzy Linear Problems with Maximizing Minimum Membership Method
LRdenote the left and right spread of membership function (Figure 6 ), respectively. [33] , using interval number linear programming, introduced an alternative solution to the fuzzy optimization problem with fuzzy coefficients in the objective function. The solution approach is based on α-cut methods.
Solution to Fuzzy Linear Problems with α-cut Method
Cutting fuzzy values creates an α-level fuzzy set whose members have membership value greater than or equal to α, 0Figure 7. 
Fuzzy HAPP formulations
Here, we apply the procedures developed above to reformulation of HAPP as a "fuzzy" variation of the original "crisp" model as defined in [19] . We assume an objective function comprising four terms: maximizing desirability gained from activity accomplishment, maximizing saving in time resulting from optimum routing and scheduling, maximizing in-home time spent, and maximizing saving in total travel cost. Depending on which form of fuzzy objective is specified (i.e., maximizing minimum membership formulation or α-cut formulation), two corresponding formulations of the objective function are obtained: w before commencement of the activity at that location, calculated as:
AWT  : Wait time at location w after commencement of the activity at that location, calculated as: Meeting these objectives is subject to the standard HAPP constraints shown in [19] ; in the case of objective formulation II (i.e., α-cut method) the following additional constraints on activity desirability must be satisfied 
Application
In this section, we walk the reader through each step of the modeling using a hypothetical example, followed by its application to 15 individuals selected randomly from the San Diego and Orange County data.
Hypothetical Household
The deterministic and fuzzy solutions to the case of an example of a two-person/vehicle household with ten activities are compared. Based on its socio-demographic characteristics and using a Multivariate Ordered Probit model, we assume hypothetically that the number of participations in each activity in the test household is estimated to be as shown in Table 1 :. , 0 Travel times and costs between different activity locations were randomly generated with the assumption that travel cost for the second vehicle is 50 percent less than the travel cost for the first (for brevity, the corresponding travel time/cost tables are omitted). Assuming travel time budget, maximum out of home time spent and cost budget for each individual to be 3 hours, 14 hours and $10, respectively, 0Figure 8 illustrates the values of the objective functions for "α-cut" (for a range of values for  ) and "maximizing minimum desirability" methods. International Scientific Publications and Consulting Services 0Figure 9 illustrates the "optimal" activity patterns of household members obtained from three different methods (  cut for various values of , max-min, and deterministic). As shown, at the lower level of = 0, only two activities appear in the agenda, whereas at the upper bound seven activities enter the agenda (0). We note also that the pattern obtained based on "maximizing minimum desirability" is within the range of the optimal pattern obtained for lower and upper bounds of α=1. Based on the patterns illustrated in Figure 9 regardless of the type of the solution technique ("α-cut", "maximizing minimum utility," or deterministic), the school and pickup/drop off activities are core activities in the agenda. As the level of certainty about activity desirability changes, other activities are added to the agenda. Additionally, although household members had ten potential activities that were intended to be accomplished, by incorporating uncertainty, the maximum number of activities that appear in their "optimal" agenda is fewer. Incorporating fuzziness in the objective function can provide useful insight in terms of the possible types of activities and their sequential patterns for the household members. 0Figure 10 illustrates the categorization for the possibility of inclusion of different activities in the agenda (darker colors have higher chance to enter the agenda). 
Empirical Application
In this section, the procedure and the results of model application to 15 randomly selected individuals from Orange County and San Diego County data [34] are presented. Table 3 summarizes the socio-demographic characteristics of the individuals.
Inferring model parameters
The input variables required to apply the optimization framework explained in Section 3, are: travel time between different activity locations, time windows associated to activity start time, activity duration, utility gained from executing activities, maximum out-of-home time spent and travel time budget. These bits of information are necessary if the proposed model in this paper is to be the kernel for a practical inference of activity patterns of individuals. However, direct access to such information generally is not available. In order to overcome this issue of lack of data, and building on the approach proposed by Allahviranloo et al. [29] , these input parameters can be inferred using the statistics obtained from clustered patterns. According to this work, activity patterns in Southern California were found to be segmented into 8 distinctive clusters. Based on these clusters, for each individual in Table 3 , depending on their membership in the different clusters and the distribution of parameters in those clusters, parameters of the model are estimated. For example, in the case of person 4 in Table 3 , she is classified in cluster 1. Modeling parameters to infer her activity pattern can be sampled from the associated distributions in cluster 1. To better elucidate, Figure 11 and Figure 12 illustrate the distribution of arrival times and activity durations for different individuals within cluster 1. Figure 13 illustrates the travel times between each pair of consecutive activities in cluster 1. In this figure, the numbers on top of each distribution represent the number of observed sequences in cluster 1. For example, in this cluster 1026 (out of 1266) people have a trip from a work activity to home. In order to infer the average travel time between Other http://www.ispacs.com/journals/jfsva/2016/jfsva-00238/ International Scientific Publications and Consulting Services different activity types, the average is taken only on those individuals who have the corresponding sequence in their pattern. We acknowledge that this is very naïve assumption; for those people who don't have the sequence in their pattern, the source of absence may be due to the long distance between different activity locations, personal unwillingness to pursue a specific activity type after another, or any other unknown reason. The following states the list of assumptions that are made to estimate parameters: 1. Travel time budget for each individual is set to the mode of travel time distribution in its associated cluster.
2. Total out-of-home time spent is set to the mode of distribution of out-of-home time spent in the cluster.
3. Start of time windows to visit different activities is computed using the mode of arrival time distribution "minus" a random number generated from a uniform distribution in the range of the standard deviation of the arrival time distribution in the cluster.
4. End of time windows to visit different activities is computed using the mode of arrival time distribution "plus" a random number generated from a uniform distribution in the range of the standard deviation of the arrival time distribution in the cluster.
5. Activity duration is a random number sampled from the distribution of activity duration in the cluster.
6. For the case of more than one visit for one activity type, eg., person J participates in work activity twice in the same day, the start/end time windows for one activity are estimated using the location of first mode and the start/end time windows for the other activity is estimated using the location of the second mode.
7.
Travel time between different locations is estimated by sampling from its relevant distribution in the cluster.
8. In order to eliminate any bias in weighting different terms of multi-objective function in equation (10), we scale different terms of objective function by dividing them by their maximum value. The final input term is estimating the value of utility associated to different activity types. This value is estimated using parameters of the multivariate probit model, Error! Reference source not found. Table A1 , and sociodemographic characteristics of individuals as stated in Table 3 . The probability of participation in different activity types for 15 individuals in the sample and relevant fuzzy ranges are stated as 0Table 4. 
Optimization output
Results of application of the methodology to 15 individuals randomly selected from the dataset are summarized in 0Table 5. The correct inclusions are noted by the color "Red." According to the limited results obtained for these 15 data points, the model generally over-predicts the number of activities in the agenda for the majority of individuals. With the exception of individual 14, for whom the model fails to replicate any of the observed activities, the model is relatively successful in replicating the constituent elements of the agenda for the other individuals. There exists a robust set of activities that appear in the agenda regardless of the value of uncertainty level, resulting in a set of core activities. Another observation is that changes in the value of uncertainty level does not have significant impact on the results; this can be due to the limited number of feasible solutions. 
Conclusions
The observed activity pattern of individuals is the outcome of a highly complex decision-making process. The inherent uncertainty in human behavior, which affects the activity selection process, motivated our integration of discrete choice models with the concepts of fuzzy logic, and selective household activity patterns, to propose a comprehensive framework that forecasts the formation of activity agendas and scheduling of household activities. Here, we have assumed that decision makers have a vague idea about the desirability of the activities that they intend to complete during the day; however they schedule their activities such that they maximize the desirability gained from activity accomplishment while maximizing savings in time and travel cost. We have postulated that the possibility of an activity to appear in the agenda depends on its perceived desirability level, which is not known to the modeler. Capitalizing on similarity in sets of activities and their affinity with certain socio-demographic groups, the methodology starts by classifying households/individuals with similar activity patterns into different clusters, and then uses a multivariate probit model to estimate the expected value of probability of activity engagement for different activity purposes. By mapping the expected values to fuzzy desirability graphs, the degree of desirability of different activity purposes for that household/individual is estimated. Having desirability graphs, the solution to the mixed integer multi-objective problem subject to time-windows, budget and selective vehicle http://www.ispacs.com/journals/jfsva/2016/jfsva-00238/ International Scientific Publications and Consulting Services routing constraints provides the selective activity pattern of the household/individual. By using a hypothetical example and incorporating desirability level of activities in agenda formation, we attempt to demonstrate the strength of the model framework in identifying core activities and their pattern of engagement, as well as the uncertainty associated with other activity patterns. The approach categorizes activities based on their possibility to be included in the daily agenda of the household/individual. In the second example, 15 individuals were randomly selected from the data set. Given only their sociodemographic characteristics, we first find the closest cluster to the individual and having the cluster data, and then we infer the travel time matrix between different activity locations, activity start time/end time, activity duration, travel time budget, and out-of-home time spent. The tendency or desirability to participate in different activities was computed using a multivariate probit model and mapping probability values to fuzzy desirability graphs. The number of participations in activities was predicted using a multivariate ordered probit framework. Even with such limited information, the methodological framework provided a reasonably close estimate of the list of activities in the respondents' agendas; calibrating the coefficients of objective function-a step not performed in this analysis-would likely help to improve the performance. The principal advantage that the proposed procedure has over discrete choice modeling approaches-which ostensibly can be used to produce similar output-is that it replicates activities in the agenda subject to spatial-temporal constraints of the individuals. Using such a constrained mathematical approach creates a more reasonable framework to predict activities. For the sake of simplicity in the paper, adding activity ordering constraints, inferred from SVM structures [35] , is left for the future publications of the work. http://www.ispacs.com/journals/jfsva/2016/jfsva-00238/ 
